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Abstract 

We show that the space of negatively curved metrics of a closed negatively curved 
Riemannian n-manifold, n > 10, is highly non-connected. 



Section 0. Introduction. 

Let M be a closed smooth manifold. We denote by Ai£T{M) the space of all smooth 
Riemannian metrics on M and we consider M£T(M) with the smooth topology. Note 
that the space A4£T{M) is contractible. A subspace of metrics whose sectional curvatures 
lie in some interval (closed, open, semi-open) will be denoted by placing a superscript on 
M£T{M). For example, M£T''"'<'{M) denotes the subspace of M£T{M) of all Rieman- 
nian metrics on M that have all sectional curvatures less that e. Thus saying that all 
sectional curvatures of a Riemannian metric g lie in the interval [a, b] is equivalent to saying 
that g e M£T''^'^''^\M). Note that if / C J then M£T'^'''^^ (M) C M£T'^^^\M). 
Note also that M£T'^'' = '^{M) is the space of hyperbolic metrics Tiyp (M ) on M. 

A natural question about a closed negatively curved manifold M is the following: is the 
space AA.£T^'^'^^^{M) of negatively curved metrics on M path connected? This problem 
has been around for some time and has been posed several times in the literature, see for 
instance K. Burns and A. Katok ([2], Question 7.1). In dimension two, Hamilton's Ricci 
flow [8J shows that Hyp{M'^) is a deformation retract of M£T'''''"^'^{M'^). But HypiJVP) 
fibers over the Teichmiiller space T{M'^) = R^'^"^ (^u is the genus of M^), with contractible 
fiber V = R+ x DIFFiM"^) [5\. Therefore Hyp (M^) and M£T""'<'^ {M'^) are contractible. 

In this paper we prove that, for n > 10, A4£T^'^'^'^^ {M") is never path-connected; 
in fact, it has infinitely many path-components. Moreover we show that all the groups 
TT2p~4{Ai£T^'^'^'^^ (M^)) are non-trivial for every prime number p > 2, and such that 
p < (In fact, these groups contain the infinite sum (Zp)°° of Zp = Z/pZ's, and 

hence they are not finitely generated). Also, the restriction on n = dimM can be improved 
to p < See Remarks 1 below.) We also show that 7ri(Al<f:T^^'=<°(M")) contains the 

infinite sum (^2)°° when n > 14. These results about nk are true for each path component 
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of AiST"^"^ [M"'); i.e. relative to any base point. Before we state our Main Theorem, we 
need some definitions. 

Denote by DIFF{M) the group of all smooth self-diffeomorphisms of M. We have that 
DIFF{M) acts on M£T{M) pulling-back metrics: (pg = i4>~^)*g = (p*g, for g G M£T{M) 
and G DIFF{M), that is, 0g is the metric such that (f) : {M,g) — *■ {M,(pg) is an isom- 
etry. Note that DIFF{M) leaves invariant all spaces MST'^^'^^M), for any I C K. For 
any metric on M we denote by DIFF{M) g the orbit of g by the action of DIFF(M). 
We have a map Ag : DIFF{M) M£T{M), given by Ag(0) = (l)*g. Then the im- 
age of Ag is the orbit DIFF{M) g of g. And Ag of course naturally factors through 
M£T'^^^^{M), if 5 € M£T'^^^^{M). Note that if dimM > 3 and g e M£T'^^^=-^{M), 
then the statement of Mostow's Rigidity Theorem is equivalent to saying that the map 
Ag : DIFF{M) A4£^T^'''"'="^(M) = Hyp{M) is a surjection. Here is the statement of 
our main result. 

Main Theorem. Let M he a closed smooth n-manifold and let g be a negatively curved 
Riemannian metric on M . Then we have that: 

i. the map 7ro(Ag) : 'Kq{DIFF{M)) 7ro(Xf T*^''<°(M) ) is not constant, provided 
n > 10. 

ii. the homomorphism 7ri(Ag) : ni{DIFF(M) ) — >• 7ri{ M£T^^'^^^{M) ) is non-zero, pro- 
vided n > 14. 

iii. For k = 2p — 4, p prime integer and 1 < k < the homomorphism 7rjt(Ag) : 
Trk{DIFF{M) ) ■nk{M£T'^'"^^{M)) is non-zero. (See Remarks 1 below.) 

Addendum to the Main Theorem. We have that the image of iTQ{Ag) is infinite and 
in cases (ii.), (iii) mentioned in the Main Theorem, the image of 7rk(Ag) is not finitely 
generated. In fact we have: 

i. For n > 10, 'Kq{DIFF{M)) contains (Z2)°°, and TTQ{Ag)\^j^^^^oo is one-to-one. 

ii. For n > 14, the image of Tri{Ag) contains (Z2)°°. 

iii. For k = 2p — 4, p prime integer and 1 < k < the image of 7rfe(Ag) contains 
{Zp)°°. See Remark 1 below. 

For a < < the map A^ factors through the inclusion map M£T°'-^^'^-'^{M) ^ 
M£T^'"'<^{M) provided g G M£T''^^^''^\M). Therefore we have: 

Corollary 1. Let M be a closed smooth n-manifold, n > 10. Let a < b < and as- 
sume that M£T''^^^''^\M) is not empty. Then the inclusion map M£T"-^^'"'^''{M) ^ 
M.£T^^'^'^^ (M) is not null-homotopic. Indeed, the induced maps, at the k-homotopy level, 

are not constant for k = 0, and non-zero for the cases (ii.), (iii.) mentioned in the Main 
Theorem. Furthermore, the image of these maps satisfy a statement analogous to the one 
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in the Addendum to the Main Theorem. 
If a = 6 = —1 we have 

Corollary 2. Let M be a closed hyperbolic n-manifold, n > 10.. Then the inclusion 
map Ti.yp{M) ^ JVl£T^^^^^{M) is not null-homotopic. Indeed, the induced maps, at the 
k-homotopy level, are not constant for k = 0, and non-zero for the cases (ii.), (Hi.) men- 
tioned in the Main Theorem. Furthermore, the image of these maps satisfy a statement 
analogous to the one in the Addendum to the Main Theorem. 

Hence, taking /c = (i.e. p = 2) in Corollary 2, we get that for any closed hyperbolic 
manifold {M^,g), n > 10, there is a hyperbolic metric g' on M such that g and g' cannot 
be joined by a path of negatively curved metrics. 

Also, taking a = —1 — e, b = —1 (0 < e) in Corollary 1 we have that the space 
A4£T^^~''-^^'^-~^{M"') of e-pinched negatively curved Riemannian metrics on M has in- 
finitely many path components, provided it is not empty and n > 10. And the homotopy 
groups 7Tk{Ai£T^^^'^-^'^'^-^^{M)), are non-zero for the cases (ii.), (iii.) mentioned in the 
Main Theorem. Moreover, these groups are not finitely generated. 

Remark 1. The restriction on n = dimM given in the Main Theorem, its Addendum 
and its Corollaries are certainly not optimal. In particular, in (iii.) it can be improved to 
1 < A; < by using Igusa's "Surjective Stability Theorem" ([l2], p. 7). 

Another interesting application of the Main Theorem shows that the answer to the fol- 
lowing natural question is negative: 

Question: Let E ^ B be a fibre bundle whose fibres are diffeomorphic to a closed nega- 
tively curved manifold M". Is it always possible to equip its fibres with negatively curved 
Riemannian metrics (varying continuously from fibre to fibre)? 

The negative answer is gotten by setting B = S^"*"^, where k is as in the Main Theorem 
case (iii) (or /c = 0, 1, case (i), (ii)), and the bundle E —>■ is obtained by the standard 
clutching construction using an element a £ 'Kk{DIFF{M)) such that 7rfc(Ag)(a) ^ 0, for 
every negatively curved Riemannian metric g on M. Using our method for proving the 
Main Theorem (in particular Theorem 1 below) one sees that such elements a, which are 
independent oi g, exist in all cases (i), (ii), (iii). 



The Main Theorem follows from Theorems 1 and 2 below. Before we state these results 
we need some definitions and constructions. For a manifold N let P{N) be the space of 
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topological pseuso-isotopies of N, that is, the space of all homeomorphisms N x I ^ N x I, 
I = [0,1], that are the identity on {N x {0}) U {dN x I). We consider P{N) with the 
compact-open topology. Also, P^^ff{N) is the space of all smooth pscudo-isotopies on N, 
with the smooth topology. Note that P'^^ff [N) is a subset of P{N). The map of spaces 
P'^^ff(^N) P{N) is continuous and will be denoted by ln, or simply by t. The space of 
all self-diffeomorphisms of N will be denoted by DIFF{N), considered with the smooth 
topology. Also DIFF{N, d) denotes the subspace of DIFF{N) of all self-diffeomorphism 
of N which are the identity on dN . 

Remark 2. We will assume that the elements in DIFF{N, d) are the identity near ON. 

Note that DIFF{N x I, d) is the subspace of P'^'^f ^ (N) of all smooth pseudo-isotopies 
whose restriction to A'^ x {1} is the identity. The restriction of i^v to DIFF{N x I,d) will 
also be denoted by ijv- The map ln ■ DIFF{N x I, d) ^ P{^) is one of the ingredients 
in the statement Theorem 1. 

We will also need the following construction. Let M be a negatively curved n-manifold. 
Let a : §^ ^ M be an embedding. Sometimes we will denote the image a(§^) just by a. We 
assume that the normal bundle of a is orientable, hence trivial. Let : ^ TM x ... x TM, 
be an orthonormal trivialization of this bundle: V{z) = (vi{z), ...,Vn-i{z)) is an orthonor- 
mal base of the orthogonal complement of a(zy in TzM. Also, let r > 0, such that 2r 
is less that the width of the normal geodesic tubular neighborhood of a. Using V, and 
the exponential map of geodesies orthogonal to a wc identify the normal geodesic tubu- 
lar neighborhood of width 2r minus a, with §1 X §"-2 X (0,2r]. Define ^> = ^^{a,V,r) : 
DIFF{S^ X §"-2 xl,d) ^ DIFF{M) in the following way. For <f G DIFF{§^ x S""^ x /, d) 
let ^{(f) : M ^ M be the identity outside §^ x S"-^ ^ [r, 2r] C M, and = A'VA, 

where \{z, u,t) = {z, u, for {z, u, t) E fs>^ x S"^^ x [r, 2r]. Note that the dependence of 
$(q!, y, r) on a and V is essential, while its dependence on r is almost irrelevant. 

We denote by g the negatively curved metric on M. Hence we have the following diagram 

X §"-2) X ^ DIFF{M) H MST'^''<^{M) 

i i 

P(§1 X §"-2) 

where i = and $ = $^(q;, V,r). 

Theorem 1. Let M he a closed n-manifold with a negatively curved metric g. Let a, 
V, r and $ = $(a, y,r) he as ahove, and assume that a in not null-homotopic. Then 
Ker (7rfc(Ap$) ) C Ker (7rfc(t) ), for k < n — 5. Here 7rjfc(Ag$) and irk{i) are the homomor- 
phisms at the k-homotopy group level induced hy Ag^ and l = '-gixS""^' f^^P^ctively. 
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Remark. In the statement of Theorem 1 above, by Ker (7ro(Ag$) ) (for k = 0) we mean 
the set (7ro( Ag$))~^ ([^]), where [g] G 7ro(A<f T*^"^^°(M)) is the connected component of 
the metric g. 

Hence to deduce the Main Theorem from Theorem 1 we need to know that 7rfc(i.gi ^§"-2) ) 
is a non-zero homomorphism. Furthermore, to prove the Addendum to the Main Theorem 
we have to show that 7rk{DIFF{§i^ x §"~^ x I,d)) contains an infinite sum of Zp's (resp. 
Z2's) where k = 2p — 4, p prime (resp. A; = 1) and 7rfc(igi^gn-2) ) restricted to this sum is 
one-to-one. 

Theorem 2. Let p be a prime integer such that max {9, 6p — 5} < n. Then for k = 2p — A 
we have that 'Kk{DIFF{^^ x S""^ x 1,9)) contains (Zp)°° and 7rfc(tgi^gn-2) ) restricted to 
(Zp)°° is one-to-one. 

Addendum to Theorem 2. Assume n > 14. Then Tri{DIFF{S^ x §"~^ x I,d)) contains 
(Z2)°° and ni{Lgi ^gn-2) ) restricted to (^2)°° is one-to-one. 

The paper is structured as follows. In Section 1 we give some Lemmas, including some 

fibered versions of Whitney embedding Theorem. In Section 2 we give (recall) some facts 
about simply connected negatively curved manifolds and their natural extensions to a spe- 
cial class of non-simply connected ones. The results and facts in Sections 1 and 2 are used in 
the proof of Theorem 1, which is given in section 3. Finally Theorem 2 is proved in section 4. 

Before we finish this introduction, we sketch an argument that, we hope, motivates our 
proof of Theorem 1. To avoid complications, let's just consider the case k = 0. In this 
situation we want to show the following: 

Let 9 G DIFF{E^ x §^'-2 x /, 9) C P(§^ x E"-"^), and write ip = <i>{9) : M ^ M . Suppose 
that 9 cannot be joined by a path to the identity in P(§^ x S"'~'^). Then g cannot be joined 
to (pi,g by a path of negatively curved metrics. 

Here is an argument that we could tentatively use to prove the statement above. Suppose 
that there is a smooth path g^, u G [0, 1], of negatively curved metrics on M, with go = g and 
91 = 'P*g- We will use gu to show that 9 can be joined to the identity in P(S^ x S""^). We 
assume that a is an embedded closed geodesic in M. Let Q be the cover of M corresponding 
to the infinite cyclic group generated by a. Each g^ lifts to a g^ on Q (we use the same 
letter). Then a lifts isometrically to {Q,g) and we can identify Q with §^ x R"-~^ such that 
a corresponds S-*^ = S-*^ x {0} and such that each {z} x Rv, v G S""^ C corresponds 
to a 5 geodesic ray emanating perpendicularly from a. For each u, the complete negatively 
curved manifold {Q,gu) contains exactly one closed geodesic a^, and is freely homotopic 
to a. Let us assume that q:„ = a, for all u G [0, 1]. Moreover, let us assume that gu coincides 
with g in the normal tubular neighborhood W of length one of a. Note that Q \ int W can 
be identified with (S^ x S^~^) x [1, 00). Using geodesic rays emanating perpendicularly from 
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a, we can define a path of diffeomorphisms fu : (S"^ x S"~^) x [1, oo) x S"~^) x [1, oo) 

by fu = [exp]~^ o exp'^ , where exp" denotes the normal (to a) exponential map with respect 
to g-a, and exp = exp^. Using "the space at infinity" dccQ of Q (see Section 2) we can 
extend /„ to (S^ x S"-^) x [1, oo] which we identify with (S^ x S"-^) x [0, 1]. Finally, it is 
proved that /i can be joined to 6 in P{S^ x S"-^) (see Claim 6 in Section 3). This is enough 
because /o is the identity. 

Along the "sketch of the proof above we have of course made several unproven claims 
(that will be proven later); and we have also made a few assumptions: (1) a is an embed- 
ded closed geodesic, (2) = a for all u, (3) gu coincides with g in a neighborhood of 
g. Item (1) can be obtained "after a deformation" in Q. Item (2) can also be obtained 
after a deformation in Q using the results of Section 2. We do not know how to obtain 
(3) after a deformation (and this might even be impossible to do) so we have to use some 
approximation methods based on Lemma 1.6 which implies that we can take a very thin 
normal neighborhood W of a such that all normal (to a) gu geodesies rays will intersect 
dW transversally in one point. 

Acknowledgment. We wish to thank Tom Goodwillie for communicating the p-torsion 
Theorem to us. This Theorem appears at the end of Section 4 and is crucial to the proof 
of Theorem 2 (when A; > 1). 



Section 1. Preliminaries. 

For smooth manifolds A, B, with A compact, C°°(A, S). DIFF{A), Emh {A, B) denote 
the space of smooth maps, smooth self-diffcomorphisms and smooth cmbcddings of A into 
B, respectively. We consider these spaces with the smooth topology. The Z-disc will be 
denoted by We choose uq = (1,0, ...,0) as the base point of C U'"'"^ . For a map 
f : A X B ^ C, we denote by fa the map given by faib) = f{a, b). A map f : J}'' x A —>■ B 
is radial near d if fu = ftu for all u G SB)' = §'^^ and t G [1/2,1]. Note that any map 
/ : x ^ — > B is homotopic rel x ^ to a map that is radial near d. The next Lemma 
is a special case of a parametrized version of Whitney's Embedding Theorem. 

Lemma 1.1. Let and D^^^ he compact smooth manifolds and let T he a closed smooth 
suhmanifold of P. Let Q he an open subset ofW^ and let H' : D x P ^ Q he a smooth map 
such that: (1) H!^\t : T ^ Q is an embedding for all u D, (2) H'^ is an embedding for 
all u G dD. Assume that that k + 2m + 1 < n. Then H' is homotopy equivalent to a smooth 
map H : D X P Q such that 

1. Hu : P ^ Q is an embedding, for all u & D. 

2. H\dxT = H'\dxT- 

3. H\qdxP = H'\gDxP- 
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Proof. It is not difficult to construct a smooth map y : P — > M*^ such that: (i) g : P\T ^ 
M« \ {0} is a smooth embedding (ii) g{T) = {0} G M« (iii) Dp g (v) 7^ 0, for every p eT 
and V G TpP \ TpT. Let w : D [0, 1] be a smooth map such that ro"^(0) = dD. 
Define G = H'xg: DxP^QxW, G{u,p) = {H' {u,p),m{u)g{p)). Then, for each 
u € D, Gu : P — > Q X M'? is an embedding. Moreover, G\dxT = -f^zJxT' where we con- 
sider Q = Q X {0} c Q xRi. Also G|a£)xP = H'\qdxP- Note that G is homotopic to H' 
because g is homotopy trivial. Now, as in the proof of Whitney's Theorem, we want to 
reduce the dimension qlo q — 1. So assume g > 0. Given w € S^+^'^i c R"'+'^ = R" x M'^, 
w X = M"+9-i, denote by : ^ M"+'i'-i the linear projection "in the 

^/-direction" . As in the proof of Whitney's Theorem, using the dimension restriction and 
Sard's Theorem, we can find a "good" w: 

Claim. There is aw such that Lu,\Gy^{p) '■ Gu{P) K""'"'^"^ is an embedding, for all u € D. 
For this consider: 

r:Dxi{PxP)\ A(P) ) r(u,p, q) = |gfjg:gfjg| 

s:DxSP^ M-+^ s{u,v) = g^jgyj^ , , v e TpP 

Here A(P) = {{p,p) ■ p € P} and SP is the sphere bundle of P (with respect to any 
metric). Since {k + 1) + 2m < n and > 0, by Sard's Theorem the images of r and s have 
measure zero in This proves the Claim. 

Also, since D and P are compact, we can choose w close enough to (0,...,0,1) such 
that Lyj{G{D X P)) C Q x Define Gi = L^jG. In the same way we define 

G2 ■ D X P ^ Q X Ri~'^ and so on. Our desired map H is H = Gq. This proves the 
Lemma. 

In what follows of this section we consider Q = §^ x R""^ = x R) x R"-"^ C R^ x R""^, 
where the inclusion S-^ x R ^ R^ is given by (z, s) ^ e^z. That is, we identify S-*^ x R with the 
open set R^\{0}, hence we identify Q = S^xM^-^ with (r2\{0}) xM"-^ ^ r"\ ( {0} xR"-^ ). 
Also, identify with x {0} C Q and denote by /iq : ^ x R""i = Q the inclusion. 
For i > denote by m -.R? x W'"^ R^ x R"-^ given by Kt(a, h) = {ta, b). Note that Kt 
restricts to Q = (R^ \ {0}) x W"-"^. 

Lemma 1.2. Let h, h' : J}^^^ xS^ ^ Q be continuous maps such that hu, h'^ are homotopy 
equivalent, for all u G 'B^ . That is there is H' : x E:^ x I ^ Q such that H'{u,z,0) = 
h{u,z), H'{u,z,l) = h'{u,z), for all {u,z) G S'^ x S-*". For k = also assume that the 
loop h{t, 1) * H'{1, 1, t) * [h'{t, 1)]-^ * [H'{-1, 1, t)]-^ is null-homotopic. Then H' extends to 
H' : X §^ X / Q such that H'^ is a homotopy from hu to h'^, that is 

1. H'J^^^^^^ = hu,foruen'^+'. 

2- Kyxin = KJoru€l}''+\ 
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Proof. First define H' = h on D''+^ x §^ x {0} and H' = h' on x x {1}. Note that H' 
is defined on d x {1} x /). Since Q is aspherical, we can extend H' to D'^+^ x {1} x / 

(for k = use the assumption given in the statement of the Lemma). H' is now defined on 
A = S'^ x §1 x {0, 1} U D^+i X {1} X /. Since 0^^+^ x §^ x / is obtained from A by attaching 
a (A:+3)-cell and Q is aspherical, we can extend H' to 10)''+^ x §^ x I. This proves the Lemma. 

Lemma 1.3. Let h : x §^ ^ Q be a smooth map which is radial near d. Assume 

that hu € Emb{E>^,Q) for all u € D^"*"^ and hu = hg, for all u € S^. For k = assume 
that the loop h{u,l) is homotopy trivial. If k + 5 < n then there is a smooth map H : 
d'^+i x §1 X / ^ Q such that 

1. i?„|gi^^o} = hu, for u € D*+i. 

2. -ff«|§ix{i} = ho, for u e B'^+K 

3. Hu is a smooth isotopy from hu to h^. 

4. {Hu)t = ho, for all ueS'' and tel. Here {Hu)t{z) = H{u, z, t). 

Proof. During this proof some isotopies and functions have to be smoothed near endpoints 
and boundaries. We do not do this to avoid unnecessary technicalities. 

Let D = D^+^ be the closed [k + l)-disc of radius 1/2. Since /i(D^+^ x S^) C Q = 
\ ( {0} X M'*-2 ), we have that /t(D'=+i x S^) does not intersect {0} x M"-2_ Therefore the 
distance d from ^(D'=+^ x S^) to {0} x M"~^ is positive. Let c < 1 be such that c < d. 

Definition of {Hu)t for t £ [1/2; !]• In this case define for u € §>^, {Hsu)t = ^^\ho, 
where (1) A = l-4(l-i)(l-s)+4(l-t)(l-s)c if s G [1/2,1] and (2) A = (2t-l) + (2-2t)c 
[0,1/2]. 

Definition of {Hsu)t for t G [0, 1/2] and s G [1/2, 1]. Define for ue^^, se [1/2, 1]: 
{H,u)t = K\, where A = 1 - 4t{l - s) + 4t{l - s)c, for t G [0, 1/2]. 

Definition of {Hsu)t for t G [0, 1/2] and s G [0, 1/2]. Note that D = {su : n G S*^, s G 
[0, 1/2]}. We now want to define H on D xS^ x I. To do this first apply Lemma 1.2 taking: 
h'^ = Kcho for aU u e D, H'{u,z,t) = H{u,z,t/2), for iu,z,t) e S'' xS^ x I. Hence H' 
extends to DxS^ xl. Now apply Lemma 1.1 taking: P = x 7, T = x {0, 1}. To apply 
this Lemma note that -ff4l§ix{o i} embedding, for all u E D, because -H^ul§\{o} ~ 
"^"b^xfi} ~ ^cJiQ are embeddings and the images of /i„ and Kcho are disjoint (by the choice 
of c). Let then H be the map given by Lemma 1.1. Finally define H{u,z,t) = H{u, z,2t). 
This proves the Lemma. 

Extending the isotopies Hu between hu and h'u given in the Lemma above, to compactly 
supported ambient isotopies we obtain the following Corollary: 



8 



Lemma 1.4. Let h : x —)■ Q, be a smooth map which is radial near d. Assume 

hu e Emb{S^,Q) for all u e D^'+i and that hu = Hq e Emb{S^,Q) for all u G S'', and 
k + 5 < n. Identify with x {0} C Q. For k = assume that the loop h{u,l) is 
null-homotopic. Then there is a smooth map H : 0*^+1 xQxI such that 

1. i^«|gix{o} = forue 0^=+^ 

2. i^nlgi^iii = ho, /oru GD'^+i. 

3. Hu is a ambient isotopy from /i„ to ho, that is {Hu)t : Q ^ Q is a diffeomorphism 
for all u G d'^+^j i G / and (-ffu)i = Iq- Also, is supported on a compact subset 
K C Q, where K is independent of u E I])'^'^^. 

4. {Hu)t = Iq, for all u G^'' and tel. 



Remark. Note that Lemma 1.4 can be paraphrased as follows: the homotopy fiber of 
Emb{S^, Q) C°°(S\ Q) is (n - 5) -connected. 

We will also need the result stated in Lemma 1.6, below. First we prove a simplified 
version of it. The A;-sphere of radius S, {v G m'^+^ : \v\ = 6}, will be denoted by §^^((5). 

Lemma 1.5. Let X be a compact space and f : X DIFF{M.^) be continuous and write 
/a; : M' ^ for the image of x in DIFF{R^). Assume /^(O) = G K', for all xeX. Then 
there is a So > such that, for every x E X and 6 < So, the map S'~^(5) — S'"-*^ given by 
V ff^i^) ] ^ diffeomorphism. Moreover, the map X — > DIFF{S''~^{S), S'~^), given by 
X ^ {v ^ continuous. 

Proof. First note that for all a; G X and S > 0, the maps in DIFF{§^-\6), given by 

(v 1-^ I f'^iy) ] ) have degree 1 or -1. For w G m' \ {0}, denote by Lx{v) the image of the tan- 
gent space %{^^-^{\v\)) by the derivative of ^ : ^ m'. It is enough to prove that there 
is (5o > such that fx{v) ^ Lx{v), for all a; G X and G M' satisfying < \v\ < Sq (because 
then the maps {v ^ \f^{v) \ ) would be immersions of degree 1 (or -1), hence diffeomorphisms) . 

Suppose this does not happen. Then there is a sequence of points {xjji, 

Vm) e X xR'\{0} 

with 

a. Vm 0. 

b. fxmiVm) e Lx^{Vm)- 

Write = 1^ G S'""\ = \vm\, fm = fxm and Dm = D^^fm- We can assume that 
Xm — > x G X, and that u)m w ^ §'^^. It follows that there is an Um G Tu^{E>''~^{rm)), 
Wm\ — 1) such that Dm- Um is parallel to fmi'^m)- Note that (it^, Vm) = and Dm{um) ^ 0. 
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By changing the sign of Um we can assume that [^""l^*"!! = |/'"(^'") | ■ Also, we can suppose 
that u e S'"-*^. 

Claim. We have that tMHt ^ Tn44^; as m^oo. 

\Jm{Vm)\ \Doix{w)\' 

Proof of the Claim. Since / is continuous, all second order partial derivatives of the co- 
ordinate functions of the fx at v, with, say, \v\ < 1, are bounded by some constant. Hence 
there is a constant C > such that \fm{vm) - Dofm{vm)\ = |/m(^'m) -/m(0) --Do/m(^'m)| < 
C \vm\'^, for sufficiently large m. It follows that ^^j^ Hmm^oo^^j^^ = ^o/a;(w) 7^ 
0. This imphes that ^ \Dof.{w)\ + 0, thus ^ ^5-^. Therefore 



\V^\ ~^ \1^»JX\'^]\ t- ^, ^^^^^ \fmM\ ~^ \DoMw)\- 

l^mm^o.jtth = Wrfra = Wh^- This proves the Claim. 

fefejr ^ t^^^^fo- TOM = Iftfeir- This is a contradiction since 

-Dq/x is an isomorphism and u,w G ^ are linearly independent (because {u,w) = 
limjn{um, = 0)- This proves the Lemma. 

Lemma 1.6. Let X be a compact space, N a closed smooth manifold and f : X ^ 

DIFF{N X K') be continuous and write fx = (fx^fx) N x ^ N x R'- for the image 
of X in DIFF{N x R'). Assume fx{z,0) = iz,0), for all x e X and z e N, that is, 
fx\N = Ia^) where we identify N with N x {0}. Then there is a Sq > such that, for 
every x e X, the map N x S'~^((5) N x S'~-^ given by {z,v) i-s- {f^{z,v), T^i^^^\) is a 
diffeomorphism for all S < Sq. Moreover, the map X DIFF{N x S'~^(5), N x S'""^), 
given by x ^ { {z,v) 1— > (/^(z, u), |^||^) ), is continuous. 

Proof. The proof is similar to the proof of the Lemma above. Here are the details. Let 
d = dim N and consider N with some Riemannian metric. For {z, v) G iV x M' \ {0}, denote 

by Lx{z,v) the image of the tangent space T(2 ,„)(A^ x §'^^(|t;|)) by the derivative of fx- 
As before it is enough to prove that there is (5o > such that (0,/^(z,v)) ^ Lx{z,v) C 
(T^N) X = r(^^^)(iV X M'), for all x e X and {z, u) G iV x satisfying < |u| < do- 
Before we prove this we have a Claim. 



Claim 1. We have: 

1. £'(^,o)/i(2/, 0) = y, for all z e N and y G T,N. 

2. D(^^ Q-jfx{y,u) = implies that u = 0. 

Proof of Claim 1. Since fx\N = Ijv we have that D{^z,Q)fx{y-,^) = (yjO); for all y G 
T^N . Hence (1) holds. Suppose o)/^(y, = 0. Write y' = i?(z,o)/i(yi Then 
D(z,u)fxiy,u) = (y',0) = £'(2,o)/a;(2/',0). But £>(^,o)/a; is an isomorphism therefore {y,u) = 
(y',0). This proves the Claim. 



Suppose now that (2) does not happen. Then there is a sequence of points {xm, Zm,Vm) € 
X X AT X \ {0} with 
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a. Vm 0. 

Write u;^ = ^ G S^-\ = \vm\, fm = fxm and D'^ = D^^f}^, i = 1,2. We can 
assume that Xm x ^ X, Zm ^ z and Wm w It follows that there is a 

{Sm,Urn) € T(^Zm,Vm)i^ ^'""^(''m)), l^mP + l^^mP = 1, SUch that: (i) D^{Sm,Um) = (ii) 

Dmism,Um) is parallel to /^(^^mjfm)- We have that {um,Vm) = 0. Since = Dvmfm is 
an isomorphism, by (i), D'^{sm,Um) 7^ 0. By changing the sign of {sm,Um) we can assume 
that = Also, we can suppose that Um ^ u eM.^ and Sm ^ s e %N . 

Claim 2. M^e have that ^ ^(.,o)/g rn ^ 00. 

Proof of the Claim. Since is continuous, all second order partial derivatives of the coor- 
dinate functions of the /J at v, with, say, \v\ < 1, are bounded by some constant. Hence there 

is a constant C > such that \fl^{Zrn,Vm) - £'(^^,o)/m(0) = \ fmiZm,Vm) - fmiZm, 0) - 

Di,^fl)f?Mvm)\ < C|(0,^;^)|2 = \vm\^ for sufficiently large m. It follows that ^^|fejf^ ^ 

^im^->oo '''^"|g^f:)|'''"^ = Z?(.,o)/.'(0,ti;). Note that, by claim 1 and / 0, D(,,o)/J(0, t«) ^ 

0. This implies that '4/n::'Y^' ^ I m/r (0, ^ 0, thus , J^°'''"'^l ^ jn T^Tn-^- 

Therefore /im^^oo^ll^^ = Zim^^oo ^^(fcj^ = ^M)/l(0,w^) |i3(^^o))^(o,^)| ■ 

This proves the Claim. 

But J4^^ ^ therefore .^^-"'g^'";, = . Consequently 

D{z,o)fxi^j'^) = ^(z,o)/J(0) 'W^')) where = A^d, for some A > 0. Hence D(^-^ Q^f'^{s,u — w') = 
0, and by Claim 1, = = Aif; a contradiction because = 1 and {u,w) = 0. This 
proves the Lemma. 



Section 2. Space at infinity of some complete negatively curved manifolds. 

Let {Xi, di) and {X2, ^2) be two metric spaces. A map / : Xi X2 is a quasi-isometric 
embedding if there are e > and A > 1 such that jdi{x,y) — e < d2{f{x),f{y)) < 
Xdi{x,y) + e, for all x,y e X^. A quasi-isometric embedding / is called a quasi-isometry 
if there is a constant K > such that every point in X2 lies in the K-neighborhood of 
the image of /. A quasi-geodesic in a metric space {X,d) is a quasi-isometric embedding 
P : I X, where the interval I C K is considered with the canonical metric d^{t, s) = \t—s\. 
If / = [a, 00), P is called a quasi-geodesic ray. If we want to specify the constants A and e in 
the definitions above we will use the prefix (A, e). It is a simple exercise to prove that the 
composition of a (A, e)-quasi-isomcric embedding with a (A', e')-quasi-isomcric embedding is 
a (AA', A'e -|- e')-quasi- isomeric embedding. Also, if / : Xi — > X2 is a quasi-isometry and the 
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Hausdorff distance between some subsets A,BcXi is finite, then the Hausdorff distance 
between f{A) and f{B) is also finite. In this paper a unit speed geodesic will always mean 
an isometric embedding with domain some interval / CM. Also a geodesic will mean a 
function t i— > a{pt), where a is a unit speed geodesic and p > 0. Then every geodesic is a 
quasi-geodesic with e = 0, that is, a (A, 0)-quasi-geodesic, for some A. 

Lemma 2.1. Let g, g' be two complete Riemannian metrics on the manifold Q. Suppose 
there are constants a,b > such that < g'{v,v) < 6^ for every v € TQ with g{v,v) = 1. 
Then the identity {Q,g) {Q,9') is o, {X,0)-quasi-isometry, where A = max{-^, b}. 

Proof. The condition above implies: g{v,v) < g'{v,v) < b'^ g{v,v), which in turn 
implies ^g'{v,v) < g{v,v) < ■^g'{v,v), for all v G Q. Let d, d' be the intrinsic met- 
rics on Q defined by g, g' , respectively. Let x,y G Q and /? : [0, 1] ^ Q be a path 

whose endpoints arc x,y and such that d{x,y) = lengthg{(3) = Jq y/g{p'{t), f3'(t)) dt. Then 
d'{x,y) < lengthg,{0) = ^ g' {P' {t) , {t)) dt < b ^ g{(i' {t), [3' {t)) dt = bd{x,y). In the 
same way we prove d < ^d'. Then the identity 1q is a quasi-isometry with e = and 
A = max{^, b}. This proves the Lemma. 

In what remains of this section {Q,g) will denote a complete Riemannian manifold 
with sectional curvatures in the interval [ci,C2], ci < C2 < 0, and S C Q a closed totally 
geodesic submanifold of Q, such that the map 7ri(iS') — > 7ri(Q) is an isomorphism. Write 
r = TTi{S) = ni(Q). Also, d will denote the intrinsic metric on Q induced by g. Note that 
S is convex in Q, hence d\s is also the intrinsic metric on S induced by g\s- We can assume 
that the universal cover S* of 5 is contained in the universal cover Q oi Q. We will consider 
Q with the lifted metric g and the induced distance will be denoted by d. The group F acts 
by isometries on Q such that r(S') = S and Q = Q/T, S = S/T. The covering projection 
will be denoted hj p : Q ^ Q/T = Q. Let T be the normal bundle of S, that is, for z ^ S, 
Tz = {v € TzQ : g{v,u) = 0, for all u € T^S} C T^Q. Write 7r(f) = z ii v G Tz, that 
is, TT : T ^ 5 is the bundle projection. The unit sphere bundle and unit disc bundle of T 
will be denoted by N and W, respectively. Note that the normal bundle, normal sphere 
bundle and the normal disc bundle of S* in Q are the liftings T, N and W of T, N and W, 
respectively. For v € TgQ or u E TgQ, v ^ 0, the map t i— > expg{tv), t > 0, will be denoted 
by Cy and its image will be denoted by the same symbol. Since Q is simply connected, c^ 
is a geodesic ray, for every v E N. We have the following well known facts. 

1. For any closed convex set C C Q, and a geodesic c, the function t d(c{t) , C) is 
convex. This implies 2 below. 

2. Let c be a geodesic ray beginning at some z G S. Then cither c C S or d{ c{t) , S) ^ 
oo, as t — > oo. 

3. For every v € T, v ^ 0, Cy IS 9; geodesic ray. Moreover, for non-zero vectors vi, V2 E T, 
with 7r(vi) 7^ 7r('U2), we have that the function t i— > d{cyj^{t) , Cy^ ) tends to oo as 
t — > oo. 
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4. The exponential map E : T ^ Q, E{v) = exp^(^^^{v)^ is a diffeomorphism. We can 
define then the submersion proj : Q ^ S, proj{q) = z, if exp{v) = q, for some 
V G Tz. Write also r]{q) = \v \ and we have r]{q) = d{q, S). Also, the exponential 
map E -.T ^ Q, E{y) = exp^(^)(f), is a diffeomorphism and is a lifting of E. 

5. Since S is compact there is a map g such that: (1) for gi, ^2 G <3> q[o) d{proj{qi) , proj{q2) ) < 
d ( gi , ^2, ), where a = min{7y(gi), 7/(52)} (2) £^(0) = 1, is an increasing function and 
tends to 00 as t ^ 00. 

6. Recall that we are assuming that all sectional curvatures of Q are less that C2 < 0. 
Given A > 1, e > 0, there is a number K = K{\, e, C2) such that the following happens. 
For every (A, e)-quasi-geodesic c in Q there is a unit speed geodesic (5 with the same 
endpoints as c, whose Hausdorff distance from c is less or equal K. Note K depends 
on A, e, C2 but not on the particular manifold Q (see, for instance, p^j, p. 401; see also 
Proposition 1.2 on p. 399 of p[]). 

Recall that the space at infinity dooQ of Q can be defined as { quasi— geodesic rays in Q} / ~ 
where the relation ~ is given by: (5i ~ (52 if their Hausdorff distance is finite. We say that 
a quasi-geodesic /3 converges to p € dooQ if /3 € p. Fact 6 implies that we can define dooQ 
also by {geodesies rays in Q}/ ~. We consider dooQ with the usual cone topology (see 
[U, p. 263). Recall that, for any q £ Q, the map {v £ TgQ : \v\ = 1} ^ dooQ given by 
V 1-^ [cy] is a homeomorphism. Let ? : [0, 1] — > [0, 00) be a homeomorphism that is the 
identity near 0. We also have that (Q) = Q U dooQ can be given a topology such that the 
map {v £ TgQ : \v\ < 1} ^ dooQ given by f 1— > expg{q{\v\)-^^), for \v\ < 1 and v 1-^ [c^] for 
t; = 1, is a homeomorphism. We have some more facts or comments. 

7. Given q £ Q and p £ dooQ there is a unique unit speed geodesic ray [3 beginning at q 
and converging to p. 

8. Since S is convex in Q every geodesic ray in S is a geodesic ray in Q. Therefore 
dooS C dooQ- For a quasi-geodesic ray /? we have: [f3] £ dcoQ \ dooS if and only if /3 
diverges from S, that is d ( /3(t) , 5 ) — > 00, as t — > 00. 

9. For every p £ dooQ \ dooS there is a unique v £ N such that c„ converges to p. 
Moreover, the map A : N ^ d^oQ \ dooS, given by A{v) = [0^] is a homeomorphism. 

Furthermore, we can extend A to a homeomorphism W — > (Q) \ dooS by defining 
A{v) = £'(?(|f 1)^) = expg{(;{\v\)-^), for \v\ < 1, v £Wg (recah that <j is the identity 
near zero). 

Lemma 2.2. Let (3 : [a, 00) ^ Q. The following are equivalent. 

(i) P is a quasi- geodesic ray and diverges from S. 

(ii) p(3 is a quasi- geodesic ray. 
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Proof. First note that if a path a(t), t > a, satisfies the (A, e)-quasi-geodesic ray 
condition, for t > a' > a, then a{t) satisfies the (A, e')-quasi-geodesic ray condition, for all 
t > a, where e' = e + diameter {a{[a, a'])). 

(i) implies (ii). Let /3 satisfy (i). Then there are A > 1, e > such that — t'| — 
e < d{P{t),P{t')) < X\t - t'\ + e, for every t,t' > a. Fix t,t' > a and let a be the unit 
speed geodesic segment joining P{t) to P{t'). Then pa joins pP{t) to pf3{t'). Therefore 
d{p/3{t),pPit')) < lengthg{pa) = lengthg{a) = d{(3{t), (3{t')) < X\t - t'\ + e. We proved that 
d{pf3{t),pl3{t')) < X\t-t'\ + e. 

We show the other inequality. By item 6, /? is at finite Hausdorff distance (say, > 0) 
from a geodesic ray a. Since /3 (hence a) gets far away from S, it converges to a point at 
infinity in dooQ \ dooS- Therefore we can assume that a{t) = c%[f?) = expz{tv) for some 
V & Tz, with = 1. It follows that pP is at Hausdorff distance K' = K + d{fl[a), S) from 
c^, where w € is the image of v by the derivative Dp{z), and z = p{z). Note that is a 
geodesic ray in Q (see item 3). Let U denote the K neighborhood of in Q and U the K 
neighborhood of oo in Q- We claim that p : U ^ U satisfies: d{p{x),p{y)) > d{x,y) — 4K, 
for x,y (zU. To prove this let t,t' > such that d{x,c{t)) = d{x,Cv) < K and d{y,c{t')) = 
d{y,Cy) < K. We have d{x,y) < d{x,Ci,{t)) + d{ci,{t), Ci,{t')) +d{c^{t'),y) <2K + \t-t'\ = 
2K+d{c^{t),c^{t')) < 2K+d{c^{t),p{x))+d{p{x),p{y))+d{p{y),c^{t')) < 4K+d{p{x),p{y)). 
This proves our claim. Consequently d{pP{t),pp{t')) > d{P{t), I3{t')) - > j\t-t'\-{e + 
AK). 

(ii) implies (i). Let /3 satisfy (ii). Since pP is a proper map its distance to S must tend 
to infinity. Hence the distance of /3 to S also tends to infinity. 

Let pP satisfy j\t-t'\-e< d{pP{t),pP{t')) < \\t - t'\ + e, for some A > 1, e > 0. Fix 
t,t' > a and let a be the unit speed geodesic segment joining P{t) to P{t'). Then pa joins 
pP{t) to pp{t'). Therefore d{p{t), p{t')) = lengthg{a) = lengthg{pa) > d{pp{t),pP{t')) > 
\\t - t'\ - e. It follows that \\t -t'\-e< d{P{t), P{t')). 

We prove the other inequality. Since S is compact and by item 5, the radius of injectivity 
of a point in Q tends to infinity as the points gets far from S. Hence there is o' > o such 
that for every t > a', the ball of radius e = A + e centered at P{t) is convex. Let t' > t > a' 
and n an integer such that n<t' — t<n + l. Let ak, k = 1, ...,n, be the unit speed 
geodesic segment from pP{t + k — 1) to pP{t + k), and an+i the unit speed geodesic segment 
from pP{t + n) to pP{t'). Note that lengthg{ak) = d{pP{t + k- l),pP{t + k)) < X + e = e. 
Therefore is homotopic, rel endpoints, to ak (analogously for an+i)- Let a the 

concatenation ai * ... * On+i- Then a is homotopic, rel endpoints, to pP\[t,t']- Note that the 
length of a is < (n+ l)e. Let a be the lifting of a beginning at P{a'). Then a is homotopic, 
rel endpoints, to P\[t^t']- Hence d{P{t), P{t')) < length{a) < (n+ l)e = ne + e < e{t' — t) + e. 
We showed that j^\t -t'\-e < d{p{t), P{t')) < (A + e)\t' - t\ + {X + e). This proves the 
Lemma. 

Let Qi, Q2 be two complete simply connected negatively curved manifolds. If /3 is a 
quasi-geodesic in Qi and f : Qi ^ Q2 is a quasi-isomctry then f{P) is also a quasi-geodesic. 
Also, if two subsets of Qi have finite Hausdorff distance, their images under / will have 
finite Hausdorff distance as well. Therefore / induces a map foo '■ dooQi dooQ2- Hence / 
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extends to f : ^ Q2 by f\d^Q^ = foo and /[q^ = /. We have 

10. For every quasi-isomctry f ■ Qi ^ Q2, foo '■ dooQi dooQ2 is a homeomorphism. In 
addition, if / is a homeomorphism, then / is a homeomorphism. 

11. Let g' be another complete Riemannian metric on Q whose sectional curvatures are 
also < C2 < 0, and such that there are constants a, 6 > with < g'{v,v) < 6^ for 
every v € TQ with g{v,v) = 1, and such that S is also a convex subset of {Q,g'). 
Then d^oQ is the same if defined using g or g'. Moreover item 9 above also holds 
for {Q,g') (with respect to all proper concepts defined using g' instead of g). This is 
because the identity {Q,g) — > iQ,g') induces the homeomorphism dooQ d^oQ that 
preserves d^S (see Lemma 2.1 and item 10). 

Since F acts by isometries on Q. wc have that F acts on d^oQ (see item 10). Also, since 
F preserves S, F also preserves d^S. Hence F acts on d^oQ \ dooS. Since S is closed, we 
have 

12. For every 7 G F, 7 : dooQ \ dooS dooQ \ dooS has no fixed points. Therefore the 
action of F on (Q) \ dooS is free. Moreover, the action of F on (Q) \ £^005" is properly 
discontinuous. 

Wc now define the space at infinity dooQ of Q as { quasi — geodesic rays in Q}/ ~- As 
before, the relation ~ is given by: f5i ~ (52 if their Hausdorff distance is finite. We can 
define a topology on d^oQ in the same way as for dooQ, but we can take advantage of the 
already defined topology of dooQ- 

Lemma 2.3. There is a one-to-one correspondence between d^oQ and (j^ooQ\dooS^ /F. 

Proof. By path lifting and Lemma 2.2 there is a one-to-one correspondence between the sets 
{quasi — geodesic rays in Q} and {quasi— geodesic rays in Q that diverge from S} /F. 
Then the correspondence [/?] 1— > p (/?) , for quasi-geodesic rays in Q that diverge from S is 
one-to-one (see item 8). This proves the Lemma. 

We define then the topology of d^oQ such that the one-to-one correspondence men- 
tioned in the proof of the Lemma is a homeomorphism. Also, we define the topology on 
Q = Q U dooQ such that (Jq) \ dooS^ /F ^ Q is a homeomorphism. It is straightforward 

to verify that Q and dooQ are subspaces of Q (see also item 12). The next Lemma is a 
version of item 9 for Q. 

Lemma 2.4. For every p G dooQ there is a unique v E N such that Cy converges to p. 
Moreover, the map A : N ^ d^oQ, given by A{v) = [cy] is a homeomorphism. Furthermore, 
we can extend A to a homeomorphism W dooQ by defining A{v) = £?((<j(|i;|) j^)), for 

\v\ < 1. (Recall <j is the identity near 0.) Also, A is a lifting of A. 
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Proof. The first statement follows from items 4 and 5. Define A(v) = pA{v), where 
Dp{v) = V. Items 9 and 12 imply the Lemma. See also item 4. 

We will write ??([c„]) = oo and E{oov) = [c„], for v & N (see item 5). 

Lemma 2.5. Let v E N and Qn = E{tnVn), tn S [0, oo], Vn & T and \vn\ bounded away 
from both and +oo. Then Qn — > [c„] (in d^oQ) if and only if tn ^ oo and Vn ^ v . 

Proof. It follows from Lemma 2.4. 
We also have a version of item 11 for Q. 

Lemma 2.6. Let g' be another complete Riemannian metric on Q whose sectional curva- 
tures are also < C2 < 0, and such that there are constants a,b > with a} < g'{v,v) < b^ 
for every v G TQ with g{v,v) = 1, and such that S is also a convex subset of {Q,g')- Then 
dooQ is the same if defined using g or g' . Moreover Lemma 2.4 and 2.5 above also holds 
for {Q,g') (with respect to all proper concepts defined using g' instead of g). 

Proof. It follows from item 11 and Lemma 2.5. Note that the liftings g, g' of g and g' , 
satisfy < g'{v,v) < b^ for every v G TQ with g{v,v) = 1. This proves the Lemma. 



Section 3. Proof of Theorem 1. 

Let the metric g and the closed simple curve a be as in the statement of the Theorem. 
Write N = X §""2 and = Ag^^ , where = ^^{a,V,r). The base point of 
the fc-sphere S'' will always be the point uq = (1,0, ...,0). Let 6:8''^ DIFF{N x I,d), 
9{uo) = InxI, represent an element in iTk{DIFF{N x I,d)). 

We will prove that if 7rfc(S^)([^]) is zero, then 7rfc(iAr)([^]) is also zero. Equivalently, if 
Ti^ 9 extends to the {k + l)-disc then lnO also extends to So, suppose that 

S*^ : S*^ ^ r^«^<0(M) extends to a map a' : B'^+i ^ MST^"""^^ {M) . We can assume 
that this map is smooth. 

Remark. Originally a' may not be smooth, but it is homotopic to a smooth map. By 

"cr' is smooth" we mean that the map ID)'^+^ x [TM © TM) R, given by {u,vi,V2) ^ 
{u)x{vi,V2), vi,V2 € TxM, is smooth. To homotope a given a' to a smooth one a" we can 
use classical averaging techniques: just define crx{u)" {vi,V2) = J]^k+i rjiu—w) cr' {w)x{vi,V2) dw, 
which is smooth. Here: (1) 77 is a smooth e-bump function, i.e. /jjfc+i r] = 1 and r){w) = 0, 
for \w\ > e and, (2) we are extending a' (originally defined on D^^'^) to all R", radially. Since 
a' is continuous, the second order derivatives of o"^(u) and o'^iu') are close for u close to u'. 
Therefore the second order derivatives of <J^(ii) are close to the second order derivatives of 
a'xiu). Hence, if e is sufficiently small, we will also have cf"{u) G MET^^'^'^^ {M) . 
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Also, by deforming cr', we can assume that it is radial near 5©*^+-'^. Thus cr'(n), u G P'^+^j 
is a negatively curved metric on M. Also, (t'{u) = Ti^ 9{u), for u G S'^, and (t'{uq) = g. 
Since a' is continuous there is a constant C2 < such that all sectional curvatures of the 
Riemannian manifolds {M,a'{u)), u G O^^^, are less or equal C2- Write = ^^{9{u)), 
u G S*'. Hence we have that (j'{u) = {ipu)*<^'{uo) = {^u)*g, for u G S*'. Note that (pu is, 
by definition, the identity outside the closed normal geodesic tubular neighborhood U of 
width 2r of a. Also, cpu is the identity on the closed normal geodesic tubular neighborhood 
of width r of a. Note that : M — >■ M induces the identity at the vri-level and hence (pu 
is freely homotopic to 1m- 

Since a' is continuous and ID)'^+^ is compact we can find constants a,b > such that 
< a'{u){v,v) < 6^ for every v G TM with g{v,v) = 1, « G 0*^+^. 

Let Q be the covering space of M with respect to the infinite cyclic subgroup of 
7ri(M, a(l)) generated by a. Denote by cr(n) the pullback on Q of the metric cr'{u) on 
M. For the lifting of 5 on Q we use the same letter g. Note that a lifts to Q and we denote 
this lifting also by a. Let (f)u ■ Q ^ Q he diffeomorphism which is the unique lifting of ipu 
to Q with the property that (l)u\a is the identity. We have some comments. 

(i.) a{u) = {4>u)*(j{uo) = {4>u)*g, for u G 

(ii.) The tubular neighborhood U lifts to a countable number of components, with exactly 
one being diffeomorphic to U. We call this lifting also by U. All other components 
Ui, U2, ■■■ are diffeomorphic to B"'"^ x R. Note that is the identity outside the 
union of IJ Ui and U and inside the closed normal geodesic tubular neighborhood of 
width r of a. 

(iii.) Since ip^ ■ M M induces the identity at the vri-lcvcl, and is compact, there is a 
constant C such that dfj(^u'){P: 'Pu{p)) < C, for any u,u' G S'^, where do-(u') denotes 
the distance in the Riemannian manifold {Q^a{u')). 

(iv.) {4>u)\u = \^'^{a,V',r)e{u) \ \u, for u G Here V is the lifting of V. 



(v). We have that < a{u){v,v) < 6^ for every v G TQ with g{v,v) = 1, u G 0^^+^. It 
follows that ^ < a{u){v,v) < ^ for every v G TQ with a{u'){v,v) = 1, u,u' G 0^=+^. 

(vi.) All sectional curvatures of the Riemannian manifolds {Q,a{u)), u G D*^'*'-'^, are less or 
equal 02- 

Since (M, cr'(n)) is a closed negatively curved manifold, it contains exactly one immersed 
closed geodesic freely homotopic to a C M. Therefore {Q,a(u)) contains exactly one em- 
bedded closed geodesic a„ freely homotopic to a C Q. Note that a„ is unique up to affine 
reparametrizations. Write ao = ctuQ and note that = (f)u{c(o), for all u G S*^. 
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Since n > 5 we can find a compactly supported smooth isotopy s : Q x I ^ Q, sq = 1q, 
with si{ao) = a. Using s we get a homotopy {st)~^(f>uSt between and ipu = {si)~^(puSi- 
Therefore we can assume that for it G §^ we have = {il^u)*9- Note that (ii) above 

still holds with U' = {si)~^U , U[ = {si)~^Ui instead of U , Ui, respectively. Note that Ul 
coincides with Ui outside a compact set. Also, since s is compactly supported (iii) holds too. 
For (iv) we assume that U' is the closed normal geodesic tubular neighborhood of width 
2r of ccq and si sends geodesic of length 2r beginning orthogonally at ag isometrically to 
geodesic of length 2r beginning orthogonally at a (we may have to consider a much smaller 
r > here). Note that (v) and (vi) still hold. The following version of (iv) is true 

(iv'.) ii^u)\u' = [^^{ao,V'',r)e{u)\ \u', for u G S''. Here V" = (s^^V. 

Now, by [6, Prop. 5.5] depends smoothly onu E 0^^+^. Hence we have a smooth map 
h : D^^^^ X S-*^ — > Q, given by hu = oiu- Note that h is radial near d. We have the following 
facts: 

1. We can identify §^ with its image ckq and, using the exponential map orthogonal to S"*", 
with respect io g = (t{uq) and the trivialization V" ^ we can identify Q to x R"~-^. 
With this identification V" becomes just the canonical base E = {ei, e^_i} and 
(iv') above has now the following form: {ipu)\u' = '^''^{ao,E^r)9{u) for u G S^. 

2. Because of the argument above (using the homotopy s) we can not guarantee that all 
metrics a{u) are lifted metrics from M, but we do have that all liftings of the (j{u) to 
the universal cover Q = M are all quasi-isometric. 

The next Claim says that we can assume all = a„ : §^ ^ Q to be equal to ao- 

Claim 1. We can modify a (hence also and h) on int{p'^~^^) such that 

a. The liftings of the metrics cr(u) to the universal cover Q = M are all quasi-isometric. 

b. au = ao, for all u G 0*^+-^. 

Proof of Claim 1. Let H be as in Lemma 1.4. Then the required new metrics are just 
[(Hu}i]*a{u), that is, the pull-backs of a{u) by the inverse of the diffeomorphism given by 
the isotopy at time t = 0. Note that the metrics do not change outside a compact set 
of Q. Just one more detail. In order to be able to apply Lemma 1.4 for A; = we have to 
know that the loop /3 : 3^ —>■ Q given by P{u) = h{u, 1) is homotopy trivial. But if this is 
not the case let I be such that f3 is homotopic (rel base point) to Oq Then just replace 
h by h^, where ?? : x ^ x S\ ■d{u,z) = («, e'''("+^)\ z). Note that hu and (/ii?)„ 
represent the same geodesic, but with different basepoint. This proves Claim 1. 

Hence, from now on, we assume that all a„ are equal to ao : E>^ Q. Note that the 
new metrics a{u), u G mt(D'^+-^), are not necessarily pull-back from metrics in M. Recall 

that we are identifying Q with S"^ x and the rays {z} x W^v, v G S"^~^, are geodesies 

(with respect to g = (t('Uo)) emanating from z & C Q and normal to Denote by 
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Ws = X D" ^(6) the closed normal tubular neighborhood of §^ in Q of width 6 > 0, with 
respect to the metric a{uo). Note that dWs = x S"'~^((5). 

For each u S and z ^ let T^{z) be the orthogonal complement of the tan- 

gent space TzS^ C T^Q with respect to the cr{u) metric and denote by exp'^ : T''^{z) — > Q 
the normal exponential map, also with respect to the u{u) metric. Note that the map 
exp^ : ^ Q is a diffeomorphism, where T" is the bundle over whose fibers arc T'^{z), 
z E S^. We will denote by the sphere bundle of T". The orthogonal projection (with 
respect to the a{uo) metric) of the tangent vectors {z, ei), (z, e„_i) € T^Q = {z} x R"-~^ 
(here d = (1, 0, 0), 62 = (0, 1, 0, 0),... ) into r"(2) gives a base of r"(z). Applying the 
Gram-Schimidt orthogonalization process we obtain and orthonormal base v^{z), ...,v^~^ (z) 
of T^{z). Clearly, these bases are continuous in z, hence they provide a trivialization of the 
normal bundle T". We denote by Xu '■ — > §^ x M"^^ the bundle trivializations given by 
Xu{Vu{z)) = {z,ei). Note that these trivializations are continuous in n G 

For every {u,z,v) G b'^^'^ x §^ x \ {0}) define Tu{z,v) = {z',v'), where Xu o 

{exp'')-^{z,v) = (z',w) and v' = ^. Then r„ : x (R""! \ {0}) ^ x §""2 is a smooth 

map. The restriction of to any dWs C x M""^ will be denoted also by t„. ^From now 
on we assume S < r. 

Claim 2. There is 5 > such that the map Tu '■ dWs ^ X §"-2 is a diffeomorphism. 
Proof of Claim 2. Just apply Lemma 1.6 to the map Xu ° {exp^)~^. This proves Claim 2. 

Note that r„ depends continuously on u. Note also that Claim 2 implies that every 
normal geodesic (with respect to any metric cr(u)) emanating from ao, intersects dWs 
transversally in a unique point. Denote by pu ■ dWs — > (0, 00) the smooth map given by 
Tu{z,v) = \w\, where we are using the notation before the statement of Claim 2. 

To simplify our notation we take 6 = 1 and write W = Wi. Thus dW = N = x S""^ 
and we write A'^ x [1, cxd) = Q\int W . Now, for each u G 0^^+^ we define a self-diffeomorphism 
U G DIFF{N X [l,oo),A^ x {1}) by 

fu{iz,v),t) = exp^,( [Xul'^i z', pu{z,v)tv') ) 

where Tu{z,v) = {z',v'). It is not difficult to show that fu{{z, v), 1) = {{z,v), 1) and that 
fu is continuous in n G 

Here is an alternative interpretation of fu- For {u,z,v) G D^"*"^ x §^ x r"(^), denote by 
c"^,!,) ■ [0)Oo) Q the a{u) geodesic ray given by C('^,^)(*) = exp'^itv). Then sends c"°^^^ 
*o ^p,s)^ where exp^,{s) = {z,v) G Q. Explicitly, we have fu{c^ly){t)) = cp^^^{\s\t), for 
i > 1. Using Claim 2 it is not difficult to prove that /„( N x [1, 00) ) = iV x [1, co) and that 
fu is a diffeomorphism. 
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We denote by (?ooQ the space at infinity of Q with respect to the (t{uq) metric. Re- 
call that the elements of d^oQ are equivalence classes of cr(uo) quasi-geodesic rays 
/3 : [a, oo) Q = x (see Section 2). Note that, since all metrics a{u) are quasi- 

isometric, a (t{u) quasi-geodesic ray is a (y{u') quasi-geodesic ray, for any u, n' € b'^^"'^. 
Hence dooQ is independent of the metric (t{u) used (see (v) and Lemma 2.?). Still, the 
choice of a n G 0^^+^, gives canonical elements in each equivalence class in dooQ'- just 
choose the unique unit speed (y{u) geodesic ray that "converges" (that is, "belongs") to the 
class, and that emanates (7(u)-orthogonally from §^ C Q. If we choose the cr(no) met- 
ric, this set of geodesic rays is in one-to-one correspondence with N = 'B^ x c Q. 
We identify N x {oo} with d^oQ by: {{z,v),oo) i— > [c"°^^]. Hence we can write now 
{Q\intW) U dooQ = ( AT x [1, oo) ) U d^oQ = N x [l,oo] (see Lemma 2.?). 

We now extend each to a map : x [1, oo] ^ N x [1, oo] in the following way. For 
{{z, v),oo) = [c"^\)] define /„( [c"^"^^ ] ) = [/«( c"°^^ ) ]. Recall that, as we mentioned before, 
we have /.(c^°,j(t) ) = c^,/,,)(|sK), for exp^,(s) = {z,v) E Q, t > 1. That is, /„(c^°„) ) is 
a (j(n) geodesic ray, hence it is a a{uo) quasi-geodesic ray. Therefore [fu{c^°y^ )] is a well 
defined element in doo- 

We will write exp = exp"°. Also, as in Section 2, we will write exp (oov) = [c^], for v E N. 
Claim 3. : A/^ x [1, oo] — > AT x [l,oo] is a homeomorphism. 

Proof of Claim 3. Note that /„ is already continuous (even differcntiabic) on Q. We have 
to prove that is continuous on points in docQ- Let g„ = exp{tnVn) [cv], v,Vn € A^, 
tn G [0, oo]. Then, by Lemma 2.5, Vn —>■ v and tn oo. Let u G and write / = /„. 

We have to prove that q!^ = f{qn) converges to /([c„]) = [/(c^)]. Write Wn = (exp^)"^ (vn) ■ 
Then Wn ^ w = {exp'^)~^{v) ^ 0. Note that /([c^,]) = [/(c^,)] = [c^], where is the a{u) 
geodesic ray t exp'^{tw). Note also that, by definition, /(g„) = exp^^tnWn)- The Claim 
follows now from Lemmas 2.5 and 2.6. 

Claim 4. /„ is continuous in u E 

Proof of Claim 4. Note that we know that u i— > is continuous. Let g„ = expitnVn) 

[ct,], f , Vn G A^, tn G [0, oo]. Then, by Lemma 2.5, Vn v and t„ oo. Let also u, Un G 
with Un u. To simplify our notation wc assume that u = uq (the proof for a general u 
is obtained by properly writing the superscript u on some symbols; see also Lemma 2.6). 
Hence, by the previous identifications, exp"" = exp : T = Q — > Q is just the identity and fu^ 
is also the identity . Write /„ = and Wn = (exp"")~^(t;„). Then Wn — > {exp'^'^)~^ (v) = v. 
We have to prove that q'n = fniqn) = exp^"{tnWn) = c^';^(in) converges to /([c^,]) = [c,J\. 
Note that c^^{l) = exp'^"{wn) = Vn ^ v. To prove that q'n — > [c^] we will work in Q instead 
of Q. Therefore we "lift" everything to Q and we express this by writing the superscript 
tilde over each symbol. Hence we have v,Wn G u,Un G tn > satisfying 

1. Wn ^ V and c^" (1) = exp"'^{wn) v. 
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2. Un uq, hence d{un) — > cr{uo) = g. 

We licivc t lie 11 tlia,t is a 5 geodesic ray and the c^" are d{u) geodesic rays. Write 
c" = c^'^ and q'^, = c'^itn)- We have to prove that q!^ — > [cy]. Since Un — > ■uo, the maps 
exp^" exp = 1q (in the compact-open topology). Therefore 

(*) for any R, 6 > there is uq such that d{c'^{t),Cii{t)) < 5, for t < R, and n >no. 

Since Cjj is a unit speed geodesic (i.e. a (l,0)-quasi-geodesic ray), by (1) and (2), for large 
n we have that c" = c^*^ is a cj(u) (2, 0)-quasi-geodesic ray. By (v) above and Lemma 2.1 the 

identity {Q,a{u)) — >■ {Q,g) is a (A, 0)-quasi isometry, where A = max{^, Therefore, 
we have that c" is a ^ (2A, 0)-quasi-geodesic ray. Let K = i^(2A, 0, C2) be as in item 6 
of Section 2, and C2 is as in (vi) above. Then there is a unit speed g geodesic ray Pnit), 
t € [1, Un], that is at K Hausdorff distance from c", t G [1, and has the same endpoints: 
/?„(1) = c"(l) — >■ V and PniO"n) = c^{tn) = Qn- Note that On 00 because tn 00. We 
have that (*) above (take 5 = 1 in (*)) imply that 

(**) given an R > there is a Hq such that d(cv{t),l3n) < C = K + 1, for t < R and 

n > Uq. 

Since Q is complete and simply connected, we can extend each /?„ to a geodesic ray /3„ : 
[1,00] — > Q. Then [/3„] G dooQ- Let l3!^{t), t £ [l,oo] be the unit speed g geodesic ray with 
/3;(1) = V, /^^(oo) = /3,(oo). Therefore J(/3„(i), /?;(*)) < J(/?„(l), /3;(1)) = (iV(l),i)) ^ 0. 
We can assume then that d{Pn{t), Pn{t)) < 1, for all n and t > 1. Hence, a version 
of (**) holds with /?'^ instead of /?„ and C + 1 instead of C. This new version of (**) 
implies that [cy], and this together with condition (1.) imply /3'j(t) — > cc(t), for 

every f G [l,c>o]. Since — > [ca] and a„ — > 00, we have that (3'n{an) — > [cv]. But 
d{Qn, PnicLn)) = d{Pn{o,n) t I3n{0"n)) < Ij therefore Q'^ ^ [oi]. This proves the Claim. 

Claim 5. For all ueS'^ we have fu\Q\w = {'4'u)\q\w o-nd (/u)|a<^ = Ig^. 

Proof of Claim 5. Let u (£ . Since cr(n) = g onW, then = T"" = x M"-^ and 
exp"(i;) = (2;,^) for all z G and \v\ < 1. It follows that fu{cua{^^v){t) ) = Cu{z,v){t), for 
t>\. On the other hand, since a{u) = {4>u)*o'{uo) we have that ifj : {Q, a{uo)) {Q, a{u)) 
is an isometry. Hence ?/'u(c„{,(z, v)(t)), t > 0, is a a{u) geodesic. Since i/ju is the identity in 
W C U' we h.civ6 ipui^^^ — ^ ciiid )*f = V. Therefore 'ijju{cuo{z,v){t) ), t > is the a{u) 
geodesic that begins at z with direction v. Thus i^u{cuo{z,v){t)) = Cu{z,v)(t), for t > 0. 
Consequently fu{cuo{z,v){t)) = V'w(cno(2,^^)(0); ^ > 1- This proves fu\Q\w = {^u)\q\w 
because every point in Q\W belongs to some (t{uo) geodesic Cuo{z, v){t). Now, since ipu is 
at bounded distance from the identity (recall that (iii) above holds for ip) then /„( c„q {z, v) ) 
is at bounded distance from Cuo{z,v), thus they define the same point in ^oo- Therefore 
fu{ [cuo{z,v)]) = [cuo{z,v))]. Hence {fu)\d^ = Id^- This proves the Claim. 

By means of an orientation preserving homeomorphism [l,oo] [0, 1] we can identify 
[1, 00] with [0, 1]. It follows from Claim 3 that we can consider G P{N). And we obtain. 
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by Claim 4, a continuous map / : D*^"*"^ P[N). We choose this identification map to be 
hnear when restricted to the interval [r, 2r] with image the interval [5, §]• The next Claim 
proves Theorem 1. 

Claim 6. f\^k is homotopic to lj\[9. 

Proof of Claim 6. Let u £ S^. Recall that tpu is the identity outside the union of U Ul 
and U' and inside the closed normal geodesic tubular neighborhood of width r of = 
(see (iii) above). In particular V'm is the identity on W. ^Prom (iv') (and (1)) above we have 

{'^u)\u' = [^^{ao,E,r)e{u)\ \u', for u G SK 

Recall also that each U![ is diffeomorphic to B'^"^ x R. Let ckq be the (not necessarily 
embedded) closed g geodesic which is the image of ao C Q by the covering map Q — > M. 
Remark that Ui is the 2r normal geodesic tubular neighborhood of a lifting /3j of a C M 
which is diffeomorphic to R. Since a C M is freely homotopic to the closed geodesic ao C M 
we have that Pi is at finite distance from some embedded geodesic line which is a lifting of 
ao- Therefore the closure of Ui in Q U doc is formed exactly by the two points at infinity 
determined by this geodesic line. Consequently, the closure Ui of each Ui is homeomorphic 
to D" and intersects in exactly two different points. Now, applying Alexander's trick to 
each i/j\ij.,we obtain an isotopy (rel U') that isotopes to a map that is the identity outside 
U' \ int (W), and coincides with ipu on U', that is, coincides with ^'^{aQ, E[^, ^],r)9(u) on 
U'. (Note that this isotopy can be defined because the diameters of the closed sets Ui in 
{Q \ int W) U doo = N X [1, 00] converge to zero as i — > 00). Here we refer to any metric 
compatible with the topology of A?^ x [1, 00].) Therefore ipu is canonically isotopic to a map 
"du that is the identity outside U' and on U' coincides with (ao, E,r)d{u). In fact i?^ 
is the identity outside N x [r,2r] C U \ W C N x [l,oo]. That is, for t e [1, r] U [2r, 00], 
Miz,v),t) = {{z,v),t), {z,v)&N. 

On the other hand, we can deform 0^ to 6[^, where is the identity on A'" x ( [0, ^] U [| , 1] ) 
and 0'^{{z, v),t) = 6'^{{z, w), 3t — 1), for t G [i, |]. Finally using the identification mentioned 
before this Claim, we obtain that 0' = d. This proves Claim 6 and Theorem 1. 



Section 4. Proof of Theorem 2. 



First we recall some definitions and introduce some notation. For a compact manifold 
M, the spaces of smooth and topological pseudo-isotopies of M are denoted by P*-^ (M) 
and P{M), respectively. Both P'^^f^{M) and P{M) are groups with composition as the 
group operation. We have stabilization maps S : P{M) P{M x I). The direct limit 
of the sequence P(M) P(M x I) ^ P{M x /^) ^ . . . is called the space of stable 
topological pseudo-isotopies of M, and it is denoted by V{M). We define V'^'^^^ (M) in a 
similar way. The inclusion P'^'ff{M) P{M) induces an inclusion V^'^^iM) V{M). 
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We mention two important facts: 

1. V^^^^ (— ), V{—) are homotopy functors. 

2. The maps nkiP"^'^^ (M)) TTkiV^'^^iM)), 7Tk{P{M)) 7rfc(P(M)) are isomorphisms 
for max{2k + 9, 3fc + 7} < dim M, see [12] . 

Lemma 4.1. For every k and every compact smooth manifold M, the kernel and the 
cokernel of -7Tk{T"^^^^ (M)) TTk{V{M))) are finitely generated. 

Proof. We have a long exact sequence (see [9j, p. 12): ... -nk+iiVsiM))) TikiV^'^^ (M))) 
■Kk{V{M))) TTk(Vs{M)) where VsiM) = limn^'^'PiS^'M). An important fact here 

is that Tr^:{Vs{M)) is a homology theory with coefficients in 7r=K_i('P'^*'^-^(*)). Since these 
groups are finitely generated (see [4j) the Lemma follows. 

Lemma 4.1 together with (2.) imply: 

Corollary 4.2. For every k and smooth manifold M" the kernel and the cokernel of 
■Kf^[pdiff (^M)) 7rfc(P(M))) are finitely generated for max{2k + 9, 3fc + 7} < dim M. 

Write i' : DIFF{{S^ x S""^) x I, 9) ^ P^*//(§i x S"-^)^ gj^^g ^s^xS""" • DIFF{{S^ x 
§"-2) X I, 9) ^ P{§^ X §"-2) factors through i' , Corohary 4.2 implies that to prove Theorem 
2 it is enough to prove: 

Theorem 4.3. Letp be a prime integer (p ^ 2) such that 6p—5 < n. Then for k = 2p— 4 we 
have that 7rk{DIFF{S^ x S"~^ x I,d)) contains (Zp)°° and vrjt(t') restricted to (Zp)°° is one- 
to-one. When p = 2, n needs to be > 10. Also, if n > U, themri{DIFF{S^ xS"^-"^ x I,d)) 
contains (^2)°° and vri(t') restricted to (^2)°° is one-to-one. 

We will need a little more structure. There is an involution " - " defined on P'^*-/'-^(M) 
by turning a pseuso-isotopy upside down. For M closed we can define this involution easily 
in the following way. Let / e P'^'ff{M). Define / = ( (fi)-^ x 1/ ) o /, where f = rofor, 
r(x,t) = {x,l — t) and (/i(x), 1) = f{x, 1). This involution homotopy anti-commutes with 
the stabilization map S, hence the involution can be extended to V{M). This involution 
induces an involution — : iTkiV^M)) ■Kk{V{M)) at the fc-homotopy level. We define now 
a map E : P'^'ff{M) P'^^ff{M) by H(/) = / o /, and extend this map to V^'^^M). We 
have four comments: 

i. For / G P'i'ff{M), H(/)|mx{i} = 1mx{i}- Therefore E{f) E DIFF{M x 1,0). Hence 
the map E : P'^^ff{M) P'^^ff{M) factors through DIFF{M x I,d). 

ii. Since P'^^ff{M) is a topological group, for x G TTk{P{M)) we have that TTk{E){x) = 

X + X. 
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iii. The following diagram commutes 

i [ 

where the horizontal lines are both either " — " or H. Hence we have an analogous 
diagram at the homotopy group level. 

iv. We mentioned in (1.) that ) is a homotopy functor. But the conjugation "— " 
defined on V^^-ff (M) depends on M. In any event, we have that 'P'^^f-f (— ) preserves 
the conjugation "— " up to multiplication by ±1. 

Note that (i.) above implies that 7rfc(S) : TTk{P'^'^f {E>^ x S""^)) ^ TTi.{P'i'ff {S^ x S"-^)^ 
factors through TTkiDIFF{{S^ x S""^) xl,d)). Therefore, to prove Theorem 4.3 it is enough 
to prove: 

Proposition 4.4. For every k = 2p — 4, p prime integer (p ^ 2), 6p — 5 < n, we have that 
7rfc(P'^*-^^(§i X §"-2^) contains (Zp)°°. Also vri (P"^*-^^ (S^ x §"-2^,^ contains {1^2)°°, provided 
n > 14, and ttq (P'^*-^-^ (S^ x S"^^)) contains (^2)°°, provided > 10. Moreover, in all cases 
above, vrfc(S) restricted these subgroups is one-to-one. 

By (2.) and (iii.) to prove Proposition 4.4 it is enough to prove the following stabilized 
version: 

Proposition 4.5. For every k = 2p — 4, p prime integer (p ^ 2) , Qp — "b < n, we have that 
vr^(77<ii//(-gi X S""2)) contains (Zp)°°. Also TTi{V'^^ff {S^ x S"-^)) contains (22)°°, provided 
n > 14, and ttqCP'^'^^-^ {S^ x S"^^)) contains (2,2)°°, provided > 10. Moreover, in all cases 
above, 7rfc(H) restricted these subgroups is one-to-one. 

Since S is a retract of x S"-^ (1.) implies that vTfc (7"^*^^ (S^ ) ) is a direct summand 
oiTTkiV^'^^S^ X §"-2)). Therefore, by (ii.) and (iv.), to prove Proposition 4.5 it is enough 
to prove the following version for §^: 

Proposition 4.6. For every k = 2p — A, p prime integer, we have that vr^ ("P*^*-^-^ {^^)) con- 
tains (Zp)°°. Also TTiiT"^^-^-^ (S^)) contains (22)°°. Moreover, in these cases, the two group 
endomorphisms x ^ x -\- x and x ^ x — x are both one-to-one when restricted to these 
subgroups. 

Proof. For a finite complex X, Waldhausen |14j proved that the kernel of the split epimor- 
phism 

is finitely generated. Recall that the conjugation in V^^^^iX) is defined by turning a 
pseudo-isotopy upside down. It is also possible to define a conjugation "— " on A[X) such 
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that (k preserves conjugation up to multiplication by ±1 (see [l3]). The induced map at 
the /c-homotopy level will also be denoted by "— ". 

We recall a result proved in [10]. For a space X we have that iTkiAlX x S^)) naturally 
decomposes as a sum of four terms: 

TTkiAiX X §1)) = TTkiAiX)) e e TTkiN^AiX)) e 7rk{N+A{X)) 

and the conjugation leaves invariant the first two terms and interchanges the last two. 

The following result is crucial to our argument: 

Theorem (p-torsion of iT2p-2A{S^)) . For every prime p the subgroup of 'K2p-2(A(E>^)) 
consisting of all elements of order p is isomorphic to {Zp)°° . 

(We are grateful to Tom Goodwillie for communicating this result to us.) Also Igusa (|llj. 
Part D, Th 2.1) building on work of Waldhausen [14i| proved the following: 

Addendum. 7r3A(§^) contains (^2)°°. 

Remark. The special case of the p-torsion Theorem above, when p = 2, is also due to 
Igusa (see [TIJ, Th. 8.a.2). 

Now, take X = * in the decomposition formula above. Recall that Dwyer showed that 
TTk{A{*)) is finitely generated for all k. Therefore the Theorem above implies that at least 
one of the summands tt/^^N^A^*)), TTii.{N^A{*)) in the above formula contains {Zp)°°, for 
k = 2p — 2 and contains (^2)°° when A: = 3 by the Addendum. Hence y ^ y + y and 
y y — y, y ^ (^p)°°5 are both one-to-one. Since Cfc : T^kiAiX)) 7rfc_2(7^'^*'^'^ (X)) has 
finitely generated kernel we can assume (by passing to a subgroup of finite index) that 
y ^ Ck{v + y) and y ^ C,k{y — v)-, y ^ (^p)°°) are also one-to-one. It follows that x 1— > x + x 
and X 1-^ X — X, X € Cfc((^p)°°)) are one-to-one. Finally, the same argument shows that 
X I— > X + X and x 1— > x — x, x G (,^{{1^2)°^) ■, are one-to-one. 
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